Questions 1-6

A crayon manufacturer is designing a box with ten colors of
crayons—M, N, O, P, R, S, T, V, W, and Y. The crayons will
be arranged in two rows—front and back—and five columns,
labeled 1-5 from left to right. The following conditions apply:

P is in the same row as O, and there are exactly three

crayons between them.

S 1s in the same column as W.

T is directly to the left of P.

If M is 1n the front row, W and Y are in the back row.

If W is 1n the front row, O is in the back row.

R is in the third column.

I. Which one of the following could be a possible
arrangement of crayons, listed from left to right?

(A) Front: O,S,R, T, P
Back: W, N, M, Y,V
(B) Front: O,S,R, T, P
Back: N, W, V.Y M
(C) Front: Y, W, N, R, V
Back: P, S, M, T, O
(D) Front: O,R, S, T, P
Back: N, V. W, Y, M
(E) Front: N, W, Y, V. M
Back: O,S,R, T, P
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2. If O is in the first column of the front row, which one of
the following must be true?

(A)  Ris in the third column of the front row. 3. If Wis in the front row, how many exact positions of
(B) M is in the third column of the front row. crayons can be determined?
(C) M is in the third column of the back row. (A) 4
(D) V is in the fifth column of the back row. (B) 5
(E) W is in the second column of the back row. (C) 6
D) 7
(E) 8

4. If M is in the front row, it must be true that

(A) O is in the front row
(B) S is in the front row
(C) T 1s in the back row
(D) R 1s in the front row
(E) R is in the back row

6. Which one of the following conditions, if true, would  IfVand Y are in the front row, which one of the
determine the complete order for at least one of the rows? following could be true?
(A) T is in the fourth column in the back row. (A)  Sis in the front row.
(B) V is in the fourth column of the front row. (B)  Ois in the front row.
(O) S is in the second column in the front row. (C)  Tisin the front row.
(D) W s in the second column in the front row. (D)  Misin the front row.

(E) P is in the fifth column of the front row. (E)  Risinthe back row.
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DIAGRAMS AND VALIDITY
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INTERPRETATIONS

® An argument is FO-valid if any interpretation that makes all
of the premises true also makes the conclusion true.
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INTERPRETATIONS

® An argument is FO-valid if any interpretation that makes all
of the premises true also makes the conclusion true.

® So it is invalid if there is at least one interpretation that
makes all the premises true and makes the conclusion
false.
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INTERPRETATIONS

® An argument is FO-valid if any interpretation that makes all
of the premises true also makes the conclusion true.

® So it is invalid if there is at least one interpretation that
makes all the premises true and makes the conclusion

false.

® An interpretation gives the meaning of the constants,
functions, and predicates and gives a domain (so we know
what “for all X’ means). - it gives enough information to know
whether any particular sentence is true or false.
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INTERPRETATIONS

dx P(x) A dx Q(x) ¥ Ix(P(x) A Q(x)) -itis FO invalid




INTERPRETATIONS

dx P(x) A dx Q(x) ¥ Ix(P(x) A Q(x)) -itis FO invalid

A countermodel:
Domain: Natural numbers

P(x): Even numbers
Q(x): Odd numbers
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INTERPRETATIONS

dx P(x) A dx Q(x) ¥ Ix(P(x) A Q(x)) -itis FO invalid

A countermodel: Another countermodel:
Domain: Natural numbers A picture with one cube
P(x): Even numbers and one tet
Q(x): Odd numbers P(x): Cubes

Q(x): Tets
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INTERPRETATIONS

dx P(x) A dx Q(x) ¥ Ix(P(x) A Q(x)) -itis FO invalid

A countermodel: Another countermodel:
Domain: Natural numbers A picture with one cube
P(x): Even numbers and one tet
Q(x): Odd numbers P(x): Cubes

Q(x): Tets

But the other direction is correct

IAx(P(x) A Q(x)) F Ax P(x) A dx Q(x)
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valid or not!?

|. Axdy(Square(x) A Square(y) A LeftOf(x,y))
2. VxVy(LeftOf(x,y) = -Filled(x))

3.VxVy((Filled(x) A Filled(y)) — SameRow(x.))
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valid or not!?

|. Axdy(Square(x) A Square(y) A LeftOf(x,y))
2. VxVy(LeftOf(x,y) = -Filled(x))

3.VxVy((Filled(x) A Filled(y)) — SameRow(x,)

Try to make the premises true and the conclusion
false. To do this, first add things to make the 3Ix s

true (in the premises) and to make the vx s false
(if in the conclusion).
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valid or not!

|. Axdy(Square(x) A Square(y) A LeftOf(x,y))
2. VxVy(LeftOf(x,y) = -Filled(x))

3.VxVy((Filled(x) A Filled(y)) — SameRow(x,)

Try to make the premises true and the conclusion
false. To do this, first add things to make the 3Ix s

true (in the premises) and to make the vx s false
(if in the conclusion).

Ans: Picture on board in class - a non-filled square
left of two filled squares which aren’t on the same
row (for example - other pictures work).
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. 3Ax(T(x) A Vy(M(y) = A(x)y))
2.3x(T(x) A Vy(M(y) = —A(x.y)) valid or not!
3. Vx(M(x) = dy(T(y) A A(xy))




. 3Ax(T(x) A Vy(M(y) = A(x)y))
2.3x(T(x) A Vy(M(y) = —A(x.y)) valid or not!
3. Vx(M(x) = dy(T(y) A A(xy))

You could try to give meanings to I, M, and A and then
use Tarski’s world or a shapes diagram, but it is usually
easier (and safer) to draw a diagram.
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. 3Ax(T(x) A Vy(M(y) = A(x)y))
2.3x(T(x) A Vy(M(y) = —A(x.y)) valid or not!
3. Vx(M(x) = dy(T(y) A A(xy))

You could try to give meanings to I, M, and A and then
use Tarski’s world or a shapes diagram, but it is usually
easier (and safer) to draw a diagram.

Label the Ts and the Ms and then have A(x,y) = x
points to y
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EXAMPLES
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Ax(T(x) A Vy(M(y) = A(xy)))
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EXAMPLES
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Ax(T(x) A Vy(M(y) = A(xY))) True, False, True
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EXAMPLES

i A ST

Ax(T(x) A Vy(M(y) = A(xY))) True, False, True
Vx(M(x) = y(T(y) A 7A(yx)))
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EXAMPLES

P SR

Ax(T(x) A Vy(M(y) = A(xY))) True, False, True
Vx(M(x) = Jy(T(y) A 7A(y,x))) False, False, True

T3
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EXAMPLES
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Ax(T(x) A Vy(M(y) = A(xY))) True, False, True

Vx(M(x) = 3Jy(T(y) A 7A(y,x))) False, False, True
Vx(T(x) = Jy(M(y) A A(xy))
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EXAMPLES
] B oL Ll < Ta
l\ Bl eai
M M B i B M, M

Ax(T(x) A Vy(M(y) = A(xY))) True, False, True

Vx(M(x) = dy(T(y) A 7A(y.x))) False, False, True
Vx(T(x) = dy(M(y) A A(xy))  True, True, False
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. VX(T(x) = Jy(M(y) A A(xy))
2. 3x(M(x) A Vy(T(y) = A(yx)) valid or not!
3. Vx(M(x) = Jy(T(y) A A(yx))




. VX(T(x) = Jy(M(y) A A(xy))
2. 3x(M(x) A Vy(T(y) = A(yx)) valid or not!
3. Vx(M(x) = Jy(T(y) A A(yx))

Lets try to show this is invalid using a diagram.VVe are
trying to make both of the premises true and the
conclusion false.
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. VX(T(x) = Jy(M(y) A A(xy))
2. 3x(M(x) A Vy(T(y) = A(yx)) valid or not!
3. Vx(M(x) = Jy(T(y) A A(yx))




. VX(T(x) = Jy(M(y) A A(xy))
2. 3x(M(x) A Vy(T(y) = A(yx)) valid or not!
3. Vx(M(x) = Jy(T(y) A A(yx))

For P2, we need an M that every T points to. - Lets call it M
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. VX(T(x) = Jy(M(y) A A(xy))
2. 3x(M(x) A Vy(T(y) = A(yx)) valid or not!
3. Vx(M(x) = Jy(T(y) A A(yx))

For P2, we need an M that every T points to. - Lets call it M

T

'
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. VX(T(x) = Jy(M(y) A A(xy))
2. 3x(M(x) A Vy(T(y) = A(yx)) valid or not!
3. Vx(M(x) = Jy(T(y) A A(yx))

For P2, we need an M that every T points to. - Lets call it M

The conclusion says for every M, thereisaT
T that points to it. For this to be false, we need
1 at least one M that nothing points to. - M2

M
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. VX(T(x) = Jy(M(y) A A(xy))
2. 3x(M(x) A Vy(T(y) = A(yx)) valid or not!
3. Vx(M(x) = Jy(T(y) A A(yx))

For P2, we need an M that every T points to. - Lets call it M

The conclusion says for every M, thereisaT
T that points to it. For this to be false, we need
1 at least one M that nothing points to. - M2

M My
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. VX(T(x) = Jy(M(y) A A(xy))
2. 3x(M(x) A Vy(T(y) = A(yx)) valid or not!
3. Vx(M(x) = Jy(T(y) A A(yx))

For P2, we need an M that every T points to. - Lets call it M

The conclusion says for every M, thereisaT

T that points to it. For this to be false, we need
l at least one M that nothing points to. - M2
R [t X 5,

For Pl, we need to make sure that for every
T, there is at least one M that it points to.
Right now, that is true. So we are done.
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L. Ix(T(x) A Vy(M(y) = Alxy))
2.3x(T(x) A Vy(M(y) = ~A(xy)) valid or not!
3. Vx(M(x) = Jy(T(y) A A(yx))




L. Ix(T(x) A Vy(M(y) = Alxy))
2.3x(T(x) A Vy(M(y) = ~A(xy)) valid or not!
3. Vx(M(x) = Jy(T(y) A A(yx))

For Pl, we need a T that points to every M. - Lets call it T

Wednesday, April 30, 2014



L. Ix(T(x) A Vy(M(y) = Alxy))
2.3x(T(x) A Vy(M(y) = ~A(xy)) valid or not!
3. Vx(M(x) = Jy(T(y) A A(yx))

For Pl, we need a T that points to every M. - Lets call it T

T

'
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L. Ix(T(x) A Vy(M(y) = Alxy))
2.3x(T(x) A Vy(M(y) = ~A(xy)) valid or not!
3. Vx(M(x) = Jy(T(y) A A(yx))

For Pl, we need a T that points to every M. - Lets call it T

For P2, we need a T that points to no M. - T>
T

'

M
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L. Ix(T(x) A Vy(M(y) = Alxy))
2.3x(T(x) A Vy(M(y) = ~A(xy)) valid or not!
3. Vx(M(x) = Jy(T(y) A A(yx))

For Pl, we need a T that points to every M. - Lets call it T

For P2, we need a T that points to no M. - T>
Ljgeaila

'

M
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L. Ix(T(x) A Vy(M(y) = Alxy))
2.3x(T(x) A Vy(M(y) = ~A(xy)) valid or not!
3. Vx(M(x) = Jy(T(y) A A(yx))

For Pl, we need a T that points to every M. - Lets call it T

For P2, we need a T that points to no M. - T>

Ljgeaila
1 The conclusion says for every M, thereisa T

that points to it. For this to be false, we need
M, at least one M that nothing points to. - M2
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L. Ix(T(x) A Vy(M(y) = Alxy))
2.3x(T(x) A Vy(M(y) = ~A(xy)) valid or not!
3. Vx(M(x) = Jy(T(y) A A(yx))

For Pl, we need a T that points to every M. - Lets call it T

For P2, we need a T that points to no M. - T>

Ljgeaila
1 The conclusion says for every M, thereisa T

that points to it. For this to be false, we need
Mi M, at least one M that nothing points to. - M:
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L. Ix(T(x) A Vy(M(y) = Alxy))
2.3x(T(x) A Vy(M(y) = ~A(xy)) valid or not!
3. Vx(M(x) = Jy(T(y) A A(yx))

For Pl, we need a T that points to every M. - Lets call it T

For P2, we need a T that points to no M. - T>

Ljgeaila
l The conclusion says for every M, thereisa T

that points to it. For this to be false, we need
Mi M, at least one M that nothing points to. - M:

But don’t forget T1 was supposed to point to
every M. Every time you add to the picture,
make sure you keep that true.
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L. Ix(T(x) A Vy(M(y) = Alxy))
2.3x(T(x) A Vy(M(y) = ~A(xy)) valid or not!
3. Vx(M(x) = Jy(T(y) A A(yx))

For Pl, we need a T that points to every M. - Lets call it T

For P2, we need a T that points to no M. - T>

Ljgeaila
l\ The conclusion says for every M, thereisa T

that points to it. For this to be false, we need
Mi M, at least one M that nothing points to. - M:

But don’t forget T1 was supposed to point to
every M. Every time you add to the picture,
make sure you keep that true.
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L. Ix(T(x) A Vy(M(y) = Alxy))
2.3x(T(x) A Vy(M(y) = ~A(xy)) valid or not!
3. Vx(M(x) = Jy(T(y) A A(yx))

For Pl, we need a T that points to every M. - Lets call it T

For P2, we need a T that points to no M. - T>

Ljgeaila
lx The conclusion says for every M, thereisa T

that points to it. For this to be false, we need
Mi M, at least one M that nothing points to. - M:

¥ But you can’t do that here. M2 was the
meeting that nothing went to.Adding an
extra meeting won'’t help either. So it is valid.
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MAKING A UNIVERSAL FALSE

Vx(M(x) = dy(T(y) A A(y,x)) -- How to make it false?




NEGATED QUANTIFIERS




NEGATED QUANTIFIERS

® VxP(x) is like a big conjunction.
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NEGATED QUANTIFIERS

® VxP(x) is like a big conjunction.

® 2V xP(x) is like the negation of a big conjunction.
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NEGATED QUANTIFIERS

® VxP(x) is like a big conjunction.

® 2V xP(x) is like the negation of a big conjunction.

By DeMorgan’s like thinking....
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NEGATED QUANTIFIERS

® VxP(x) is like a big conjunction.

® 2V xP(x) is like the negation of a big conjunction.

By DeMorgan’s like thinking....

® aVxP(x) & dxP(x) (a big disjunction of negations)
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NEGATED QUANTIFIERS

® VxP(x) is like a big conjunction.

® 2V xP(x) is like the negation of a big conjunction.

By DeMorgan’s like thinking....

® aVxP(x) & dxP(x) (a big disjunction of negations)

By the same thought....
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NEGATED QUANTIFIERS

® VxP(x) is like a big conjunction.

® 2V xP(x) is like the negation of a big conjunction.

By DeMorgan’s like thinking....

® aVxP(x) & dxP(x) (a big disjunction of negations)

By the same thought....

® =dxP(x) & Vx-P(x)
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MAKING A UNIVERSAL FALSE




MAKING A UNIVERSAL FALSE

To make an existential true, add something to the picture.
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MAKING A UNIVERSAL FALSE

To make an existential true, add something to the picture.

To make an existential false, don’t add anything.
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MAKING A UNIVERSAL FALSE

To make an existential true, add something to the picture.

To make an existential false, don’t add anything.

To make a universal true, you have to make sure that each

time you add something to the picture, you go back and
check the universal.
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MAKING A UNIVERSAL FALSE

To make an existential true, add something to the picture.

To make an existential false, don’t add anything.

To make a universal true, you have to make sure that each
time you add something to the picture, you go back and
check the universal.

To make a universal false, create a counterexample.
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MAKING A UNIVERSAL FALSE

To make an existential true, add something to the picture.

To make an existential false, don’t add anything.

To make a universal true, you have to make sure that each
time you add something to the picture, you go back and
check the universal.

To make a universal false, create a counterexample.

To make VxP(x) false, make dx—-P(x) true.
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MAKING A UNIVERSAL FALSE

Vx(Cube(x) = Small(x)) -- How to make it false?




MAKING A UNIVERSAL FALSE

Vx(Cube(x) = Small(x)) -- How to make it false?

“Vx(Cube(x) = Small(x)) <




MAKING A UNIVERSAL FALSE

Vx(Cube(x) = Small(x)) -- How to make it false?

“Vx(Cube(x) = Small(x)) <

dx-(Cube(x) = Small(x)) < (negate the quantifier)
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MAKING A UNIVERSAL FALSE

Vx(Cube(x) = Small(x)) -- How to make it false?

“Vx(Cube(x) = Small(x)) <
Ix~(Cube(x) = Small(x)) < (negate the quantifier)

dx(Cube(x) A "Small(x)) & (by taut con)




MAKING A UNIVERSAL FALSE

Vx(Cube(x) = Small(x)) -- How to make it false?

“Vx(Cube(x) = Small(x)) <
Ix~(Cube(x) = Small(x)) < (negate the quantifier)

dx(Cube(x) A "Small(x)) & (by taut con)

So there is a cube which is not small
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MAKING A UNIVERSAL FALSE

Vx(M(x) = dy(T(y) A A(y,x)) -- How to make it false?




MAKING A UNIVERSAL FALSE

Vx(M(x) = dy(T(y) A A(y,x)) -- How to make it false?

AVx(M(x) = Jy(T(y) AA(yx) «




MAKING A UNIVERSAL FALSE

Vx(M(x) = dy(T(y) A A(y,x)) -- How to make it false?

AVx(M(x) = Jy(T(y) AA(yx) «

IAx~(M(x) = Jy(T(y) A A(y,x)) < (negate the quantifier)




MAKING A UNIVERSAL FALSE

Vx(M(x) = dy(T(y) A A(y,x)) -- How to make it false?

TVX(M(x) = Jy(T(y) AAlyX))
IAx~(M(x) = Jy(T(y) A A(y,x)) < (negate the quantifier)
Ax(M(x) A =dy(T(y) AA(y,x)) < (by taut con)




MAKING A UNIVERSAL FALSE

Vx(M(x) = dy(T(y) A A(y,x)) -- How to make it false?

TVX(M(x) = Jy(T(y) AAlyX))
IAx~(M(x) = Jy(T(y) A A(y,x)) < (negate the quantifier)
Ax(M(x) A =dy(T(y) AA(y,x)) < (by taut con)

So there is an M where it is false that there is a T that
points to it. -- So no T points to it.
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MAKING A UNIVERSAL FALSE

Vx(M(x) = dy(T(y) A A(y,x)) -- How to make it false?

TVX(M(x) = Jy(T(y) AAlyX))
IAx~(M(x) = Jy(T(y) A A(y,x)) < (negate the quantifier)
Ax(M(x) A =dy(T(y) AA(y,x)) < (by taut con)

So there is an M where it is false that there is a T that
points to it. -- So no T points to it.

Ax(M(x) A Vy(T(y) = -A(y,x)) (quantifer + taut con)
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EXAMPLES

S R

A very natural thing you might want to do is to talk not just
about single teachers or single meetings, but about pairs of
teachers or pairs of meetings. E.g. there is a pair of teachers
who went to exactly the same meetings. Or a pair of
meetings that between the two, every teacher went to.
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Ax3Ay(T(x) AT(y) A VZ(M(z) = (A(x,2) vV A(Y,2))))




SRS

Ax3Ay(T(x) AT(y) A VZ(M(z) = (A(x,2) vV A(Y,2))))

There is a pair of Ts such that for every M, at least
one of those Ts went.
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=

Ax3Ay(T(x) AT(y) A VZ(M(z) = (A(x,2) vV A(Y,2))))

There is a pair of Ts such that for every M, at least

one of those Ts went. TLTF
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Ax3Ay(T(x) AT(y) A VZ(M(z) = (A(x,2) vV A(Y,2))))

There is a pair of Ts such that for every M, at least
one of those Ts went.

VXVy((M(x) A M(y)) = Fz(T(2) A (AzXx) < A(zY))))

L
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g Enaie | T el e il 3 ARE o i B
6 it AW B
M M DN g g = M e M- Mg 93
Ax3Ay(T(x) AT(y) A VZ(M(z) = (A(x,2) vV A(Y,2))))

There is a pair of Ts such that for every M, at least
one of those Ts went.

VXVy((M(x) A M(y)) = Fz(T(2) A (A(zXx) < Alzy))))

For every pair of Ms, there is a T that went to the
first if and only if they went to the second.

L
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6 it AW B
M M DN g g = M e M- Mg 93
Ax3Ay(T(x) AT(y) A VZ(M(z) = (A(x,2) vV A(Y,2))))

There is a pair of Ts such that for every M, at least
one of those Ts went.

VXVy((M(x) A M(y)) = Fz(T(2) A (A(zXx) < Alzy))))

For every pair of Ms, there is a T that went to the £ B
first if and only if they went to the second.

L
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=

Ax3Ay(T(x) AT(y) A VZ(M(z) = (A(x,2) vV A(Y,2))))

There is a pair of Ts such that for every M, at least
one of those Ts went.

VXVy((M(x) A M(y)) = Fz(T(2) A (AzXx) < A(zY))))

For every pair of Ms, there is a T that went to the £ B
first if and only if they went to the second.

Vx(M(x) = dydz(T(y) A T(z)) A A(y,x) A 7A(z,x)))

L
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Ax3Ay(T(x) AT(y) A VZ(M(z) = (A(x,2) vV A(Y,2))))
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first if and only if they went to the second.
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For every M, there is a pair of Ts such that one
went and the other didn't.
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one of those Ts went.
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For every pair of Ms, there is a T that went to the £ B
first if and only if they went to the second.

Vx(M(x) = dydz(T(y) A T(z)) A A(y,x) A 7A(z,x)))

For every M, there is a pair of Ts such that one T.FF
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Vx(M(x) = Jydz(T(y) A T(2)) A Alyx) < Azx)))
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Vx(M(x) = dydz(T(y) A T(z)) A Alyx) < A(z.x)))

For every M, there is a pair of Ts such that the
first went to the M if and only if the second did.
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For every M, there is a pair of Ts such that the
first went to the M if and only if the second did. LLT
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Vx(M(x) = Jydz(T(y) A T(2)) A Alyx) < Azx)))

For every M, there is a pair of Ts such that the
first went to the M if and only if the second did. LLT

How could this be right! VWhat pair could work
for say the first diagram? -- Ans,<TI,T1>
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Vx(M(x) = Jydz(T(y) A T(2)) A Alyx) < Azx)))

For every M, there is a pair of Ts such that the
first went to the M if and only if the second did. LLT

How could this be right! VWhat pair could work
for say the first diagram? -- Ans,<TI,T1>

In fact, the above sentence follows just from dz T(y)
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Vx(M(x) = Jydz(T(y) A T(2)) A Alyx) < Azx)))
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Vx(M(x) = Jydz(T(y) A T(2)) A Alyx) < Azx)))

But sometimes you explicitly want to talk about
pairs of distinct Ts - two different Ts. For this you
need identity.
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Vx(M(x) = dydz(T(y) A T(z)) A Alyx) < A(z.x)))

But sometimes you explicitly want to talk about
pairs of distinct Ts - two different Ts. For this you
need identity.

ldentity is used whenever you want to count things
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COUNTING IN DIAGRAMS

T Nl ol ko sl B e

S e i

A very natural thing you might want to say about these
diagrams essentially involves counting. For example, there is
one teacher who went to three meetings and two teachers

who went to none (true in diagram 3). For this, you need
identity.
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TRANSLATIONS

WITH IDENTITY

Ax3y(T(x) A T(y))

Both x and y are teachers

- but not necessarily different!
AxAy(T(x) A T(y) A X+#Y)
There are at least two teachers

AxAy(T(X) AT(Y) A xFY A Vz(M(z) = (A(x,2) A A(Y,2)))

There are at least two teachers who attended every meeting
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AxAy(T(x) AT(y) A XFY A VZ(M(z) 2 (A(X,2) < A(y,2))))

There is a pair of distinct Ts that went to the
same Ms
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There is a pair of distinct Ts that went to the

same Ms FT,F
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AxAy(T(x) AT(y) A XFY A VZ(M(z) 2 (A(X,2) < A(y,2))))

There is a pair of distinct Ts that went to the
same Ms

VxVy((M(x) A M(y) A x#y) = dz(T(z) A A(z,x) A A(z,y))))

A

Wednesday, April 30, 2014



=

AxAy(T(x) AT(y) A XFY A VZ(M(z) 2 (A(X,2) < A(y,2))))

There is a pair of distinct Ts that went to the
same Ms

VxVy((M(x) A M(y) A x#y) = dz(T(z) A A(z,x) A A(z,y))))

A

For every pair of Ms, there is a T that went to
both
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AxAy(T(x) AT(y) A XFY A VZ(M(z) 2 (A(X,2) < A(y,2))))

There is a pair of distinct Ts that went to the

same Ms T, F
VxVy((M(x) A M(y) A x#y) = dz(T(z) A A(zx) A A(z,Y))))
For every pair of Ms, there is a T that went to E.EF

both
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AxAy(T(x) AT(y) A XFY A VZ(M(2) = (A(Xx,2) < A(Y,2))))

There is a pair of distinct Ts that went to the
same Ms

VxVy((M(x) A M(y) A x#y) = dz(T(z) A A(z,x) A A(z,y))))

A

For every pair of Ms, there is a T that went to E.EF
both

Ax(T(x) A dydz(y+z A M(y) A M(z) A A(XY) A A(X,2))
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