You are given four cards with a number on one side and a
letter on the other. You can only see one side of each card.

n

Which card(s) do you have to turn over in order to fully
test the following rule:

If there is a vowel on one side of the card,
then there is an even number on the other side.
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You are given four cards with a drink on one side and an age
on the other. You can only see one side of each card.

M n

Which card(s) do you have to turn over in order to fully
test the following rule:

If you are drinking alcohol, then you must be over 21.
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RULES FOR CONDITIONALS

P =@ [P =@
91 4 2.7Q
3.0 — Elim: 1,2 3.7P VALID, but not = E

Modus Ponens Modus Tollens
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RULES FOR CONDITIONALS

® — Elimination: from P = Q and P, we can infer Q.

® < Elimination: from P < Q and P/Q, we can infer Q/P.
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RULES FOR CONDITIONALS

® — Elimination: from P = Q and P, we can infer Q.

LR O
25

3.0 — Elim: 1,2

® < Elimination: from P < Q and P/Q, we can infer Q/P.
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® — Elimination: from P = Q and P, we can infer Q.

LR O
25

3.0 — Elim: 1,2
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RULES FOR CONDITIONALS

® — Elimination: from P = Q and P, we can infer Q.

LR O
25

3.0 — Elim: 1,2

® < Elimination: from P < Q and P/Q, we can infer Q/P.

|.P & Q
2.0

3.P < Elim: 1,2
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Example:

D —A
D < B
C o (Ba-A)

-C
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.D = A

2.D-B
Example: §2C'Go(B A -A)
D —A g
D < B
C < (B AA)
=G
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.D = A

2.D-B
Example: §2C'Go(B A -A)
D —A 4. C for =Intro
D < B g
C < (B AA)
=G

-C =|ntro
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.D = A

2.D-B
Example: §2C'Go(B A -A)
D —A 4. C for =Intro
D B i
" 5. BA-AY™ o Flimi34
C o (B A-A)
=0

-C =|ntro
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Example:

D —A
D < B
C o (Ba-A)

-C

|.D = A
2.D-B

gt

TB/\-A
6. B

3.C & (B A 0A)

for Tlntro

< Elim 3,4
A Elim 5

=|ntro

Wednesday, February 26, 2014



.D = A

2.D<B
Example: §2C'Go(B A -A)
D —A 4. C for =ntro
2: ?B T 5. BA-A < Elim 3,4
o 6. B A Elim 5
~C 7. =A A Elim 5

-C =|ntro
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Example:

D —A
D < B
C o (Ba-A)

-C

|.D = A
2.D-B

gt

5. B A DA
6. B

7] AN

8. D

3.C & (B A 0A)

for Tlntro

< Elim 3,4
A Elim 5

A Elim 5
< Elim 2,6

=|ntro
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I.D = A
2.D—B
Example: §2C'Go(B A -A)
D—A 4. C for =lntro
D < B i
C‘_’ B 5 BASA® O Flimad
<> o
A 6. B S Elional
nC 7. =A A Elim 5
8. D < Elim 2.6
9. A — Elim 1.8
-C =|ntro
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|.D & A
2.D B
Example: §2C'Go(B A -A)
D—A 4 G for =lntro
D B S
C‘_’ B 5. BASA® O Flimad
<> el
e 6. B A Elim 5
~C 7. =A A Elim 5
8. D < Elim 2,6
9. A — Elim 1,8
| Ol 1 Intro 7,9
-C =|lntro
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|.D & A
2.D B
Example: §2C'Go(B A -A)
D—A 4 G for =lntro
D B S
C‘_’ B 5. BASA® O Flimad
<> el
e 6. B A Elim 5
nC 7. =A A Elim 5
8. D < Elim 2,6
9. A — Elim 1,8
| Ol 1 Intro 7,9
Bl e (@ -1 Intro 4-10

Wednesday, February 26, 2014



CONDITIONAL INTRODUCTION




CONDITIONAL INTRODUCTION

® — Introduction
From a proof from P to Q, we can infer P = Q.
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CONDITIONAL INTRODUCTION

® — Introduction
From a proof from P to Q, we can infer P = Q.

i

j- Q

I PO — Intro: |+
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CONDITIONAL INTRODUCTION

® — Introduction
From a proof from P to Q, we can infer P = Q.

i

j- Q

KPP0 — Intro: |-

This rule is often known as Conditional Proof
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EXAMPLE

Example:

Bt O )

P — Q
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EXAMPLE

Example: . e
seadl ! “had 2. R

i

> O
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EXAMPLE

Example:
L P ()l i)
P = (Q < R) 2. R
i sl for = Intro
PO
Q
P O — |ntro
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EXAMPLE

Example:
L P ()l i)
P = (Q < R) 2. R
i e for =Intro
PO

4. Q<R = Elim |,3

Q

P O — |ntro
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EXAMPLE

Example:
L P ()l i)
P = (Q < R) 2. R
i e for =Intro
PO

4. Q<R = Elim |,3

5.0 < Elim 2,4

P O — |ntro
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EXAMPLE

Example:
L P ()l i)
P = (Q < R) 2. R
i e for =Intro
PO

4. Q<R = Elim |,3

5.0 < Elim 2,4
6 Q) — |ntro 3-5

Wednesday, February 26, 2014



CONDITIONALS WITH

CONJUNCTIONS

Example:

(5= s R

Fge: (G114




CONDITIONALS WITH

CONJUNCTIONS

Example:
LGP e O HEEE=RY

(5= s R

Fge: (G114

P— (QAR)




CONDITIONALS WITH

CONJUNCTIONS

Example:
LGP e O HEEE=RY

(P = Q) A (P — R) 2P 53 A Elim |

Fge: (G114

P— (QAR)




CONDITIONALS WITH

CONJUNCTIONS

Example:
LGP e O HEEE=RY

(P = Q) A (P — R) 2P 53 A Elim |
3o R A Elim |

Fge: (G114

P— (QAR)




CONDITIONALS WITH

CONJUNCTIONS

Example:
LGP e O HEEE=RY

(P = Q) A (P — R) 2P 53 A Elim |
3o R A Elim |

4. P for = Intro

Fge: (G114

QAR
P— (QAR) —Intro




CONDITIONALS WITH

CONJUNCTIONS

Example:
LGP e O HEEE=RY

(P = Q) A (P — R) 2P 53 A Elim |
3o R A Elim |

Fge: (G114

4. P for = Intro
5.0 — Elim 2,4
QAR

P— (QAR) —Intro




CONDITIONALS WITH

CONJUNCTIONS

Example:
LGP e O HEEE=RY

(P = Q) A (P — R) 2P 53 A Elim |
3o R A Elim |

Fge: (G114

4. P for = Intro
5.0 — Elim 2,4
6.R — Elim 3,4
QAR

P— (QAR) —Intro




CONDITIONALS WITH

CONJUNCTIONS

Example:
LGP e O HEEE=RY

(P = Q) A (P — R) 2P 53 A Elim |
3o R A Elim |

R 4. P for = Intro
5.0 — Elim 2,4
6.R — Elim 3,4
7.Q AR A Intro 5,6

P— (QAR) —Intro
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CONDITIONALS WITH

CONJUNCTIONS

Example:

(5= s R

Fge: (G114

I.(P = Q) A (P = R

2. P 5@ A Elim |
g Bie R A Elim |

4. P for = Intro

5.0 — Elim 2,4
6.R — Elim 3,4
7.Q AR A Intro 5,6

8. P— (Q AR) — Elim 4-7
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CONDITIONALS WITH

CONJUNCTIONS

Example:
LGP e O HEEE=RY

(P = Q) A (P — R) 2P 53 A Elim |
3o R A Elim |

iv (Q o) 4. P for =Intro
5.0 — Elim 2,4
6.R — Elim 3,4
In fact these are equivalent
7.Q AR A Intro 5,6

8. P> (QAR) — Elim4-7

Wednesday, February 26, 2014



CONDITIONALS WITH

DISJUNCTIONS

Example:

5= e R

P lQ ViR)




CONDITIONALS WITH

DISJUNCTIONS

Example:

5= e R

P lQ ViR)

I.(P = Q) v (P = R

PES ) v R




5= L et R

P 240 ViR)

(R 2 QA R=YRy

B (O v R)




(R 2 QA R=YRy
i P for = Intro
(P— Q) v (P—R)
P () i)
QVR
R (O v R) — |ntro
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I.(P = Q) v (P~ R)

T B for = Intro

3. P> Q for v Elim

(P~ Qv (P~ R) B

P - (Q v R)
P— R for v Elim

QVR
QVR v Elim

R (O v R) — |ntro
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I.(P = Q) v (P~ R)

T B for = Intro

3. P> Q for v Elim

4. Q — Elim 2,3
QVR

5= L et R

P - (Q v R)
P— R for v Elim

QVR
QVR v Elim

R (O v R) — |ntro
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5= L et R

P 240 ViR)

I.(P = Q) v (P~ R)

2P

4. Q
5.QVvR

P — R

QVR
QVR
R (O v R)

Oy O

for 2 Intro

for v Elim

— Elim 2,3

Vv Intro 4

for v Elim

v Elim

— |ntro
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5= L et R

P 240 ViR)

I.(P = Q) v (P~ R)

T B for = Intro

3. P> Q for v Elim

4. Q — Elim 2,3
5. QVvR VvV Intro 4

6. P 2R for v Elim

7R — Elim 2,6
QVR
QVR v Elim

R (O v R) — |ntro
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5= L et R

P 240 ViR)

I.(P = Q) v (P~ R)

T B for = Intro

3. P> Q for v Elim

4. Q — Elim 2,3
5. QVvR VvV Intro 4

6. P 2R for v Elim

7R — Elim 2,6
8.QVR V Intro 7
QVR v Elim

R (O v R) — |ntro
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(R 2 QA R=YRy

T B for = Intro

3. P> Q for v Elim

4. Q — Elim 2,3

e " ) 5. QVvR VvV Intro 4

tk
T 6. P 2R for v Elim
7R — Elim 2,6
8.QVR VvV Intro 7
9. QVvR v Elim |, 3-5, 6-8

R (O v R) — |ntro

Wednesday, February 26, 2014



(R 2 QA R=YRy

T B for = Intro

3. P> Q for v Elim

4. Q — Elim 2,3
5. QVvR VvV Intro 4

5= L et R

tk
T 6. P 2R for v Elim
/7. R — Elim 2,6
8.QVR VvV Intro 7
9. QVvR v Elim |, 3-5, 6-8

|0.P = (Q vVR) — Intro 2-9
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i (P = - Q) Va (P "Ry

T B for = Intro

3. P> Q for v Elim

4 © — Elim 2,3

Lol Sl 5QVR v Intro 4

g (Q v R)
6.P R for v Elim
Vi — Elim 2,6
In fact these are equivalent 8.Q VR v Intro 7
9.QVvR v Elim |, 3-5, 6-8

|0.P = (Q v R) = Intro 2-9
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CONTRAPOSITION
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CONTRAPOSITION

Example:
L PG
Prigm il €
—|Q—>—|P
—|Q—>—|P

Wednesday, February 26, 2014



CONTRAPOSITION

Example:
e Pe=he ()
Flim il ©,
— 2. Q for = Intro
—|Q—>—|P
6. P
1Q—-P — |ntro
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CONTRAPOSITION

Example:
S s O
P—Q
— 2. Q for = Intro
—|Q—>—|P
3= P for —Intro
6. P =|ntro
1Q—-P — |ntro
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CONTRAPOSITION

Bl gt 1 O

for 2 Intro

for Tlntro

— - Blim,alis3

=|ntro

— |ntro
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CONTRAPOSITION

Bl gt 1 O

for 2 Intro

for mlntro

— Elim 1,3

1Intro 2,4
=|ntro

— |ntro
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CONTRAPOSITION

Bl gt 1 O

2. W
38 P

4. Q
S |

6. P
7.-Q—-P

for = Intro
for Tlntro

— Elim |,3
1Intro 2,4

=1 Intro 3-5

— ntro 2-6
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MODUS TOLLENS

3P for mlntro

4. Q — Elim 1,3
b e 1Intro 2,4
6 P =1 Intro 3-5
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MODUS TOLLENSVS.

CONTRAPOSITION
S o D) e )
2.0 2. °Q for = Intro
3P for mntro 3R for mintro
4. Q — Elim 1,3 4. Q — Elim 1,3
5.1 1Intro 2,4 o Pt LIntro 2,4
6. P -1 Intro 3-5 6. P = |Intro 3-5
/.7Q—-P — |ntro 2-6
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MODUS TOLLENSVS.

CONTRAPOSITION
Modus Tollens Contraposition
Pl
P—
-Q L
e —|Q—>—|P
-P

A conditional proof transforms one problem into a
slightly shorter problem with one extra premise
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EXAMPLE

Example:

P — Q
Q—R
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EXAMPLE

Example:
P 3P
R
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EXAMPLE

Example:
P 3P
R 4. Q — Elim 1,3
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EXAMPLE

Example:

P-Q IR0

Q—R 2. Q=R

P 3P

R 4. Q — Elim 1,3
5. R

— Elim 2,4
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CHAIN ARGUMENT

Example:
Pt @)
Q—R
Roe ¥ R
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CHAIN ARGUMENT

Example:

_}
SR P ®
g 2.Q— R
Roe ¥ R o
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CHAIN ARGUMENT

Example:
P—o
Q | Pr=a®
A 2.Q— R
Eoad 3 -F for = Intro
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CHAIN ARGUMENT

Example:
_}
SRS | S Pr=®
A= 2.Q— R
P—R P for = Intro

4.7Q — Elim 1,3
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CHAIN ARGUMENT

Example:
_}
SRS | S Pr=®
A= 2.Q— R
P—R P for = Intro

4.7Q — Elim 1,3
5. R — Elim 2,4
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CHAIN ARGUMENT

Example:
_}
SRS | S Pr=®
A= 2.Q— R
P—R P for = Intro
4. Q — Elim 1,3
5. R — Elim 2,4
6. PR — |ntro 3-5
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TRANSITIVITY OF —

Example:

P — Q

(Q2R) TP R)

(W 4R 2@ S oR)
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TRANSITIVITY OF —

Example:
P e ()
R () F
— 2: OFR for = Intro
(Q—R)—=(P— R)
PR
(Q 2.R)7“2A(P R} Dilneko
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TRANSITIVITY OF —

Example:

Langt®
(Q—R)—=(P— R)

P —=i0)
2. QR for —Intro
EE for = Intro
R
P. =R — Intro

(Q = R) = (P> R) — Intro

Wednesday, February 26, 2014



TRANSITIVITY OF —

Example:
B e 3 B
P—Q i
— 2: OFR for = Intro
(Q—=R)—= (P~ R)
35R for = Intro
4. Q — Elim [,3
R
P—-R — Intro
(Q 2.R)7“2A(P R} Dilneko
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TRANSITIVITY OF —

Example:

[ e B
P—Q EiSE
— 2: OFR for = Intro
(Q—R)—=>(P— R)
3.5E for = Intro
4. Q — Elim 1,3
5. R — Elim 2,4
6 Pa—oiR — |ntro 3-5
7.(Q @ R) =@ (P — R) = Intro 2-6
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NOTICE THE STRUCTURE

=R O

2.Q—R
3R

4.0
5. R

6. RV R

for 2 Intro

— Elim 1,3
— Elim 2,4

— |ntro 3-5

e &)

2. QR
SR

4, .0
5. R

6. B =R

7.(Q = R) =

for 2 Intro

for = Intro

— Elim 1,3
— Elim 2,4

— |ntro 3-5
(F. R

— |ntro 2-6
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Q— R

P — R

SUBPROOFS AND PROOFS

220
(Q—R)—=(P— R)




SUBPROOFS AND PROOFS

Q— R 0
T (Q—=R)=(P— R)
P—Q

Q— R




SUBPROOFS AND PROOFS

Q— R 0

T (Q—=R)=(P— R)
P—Q

R

i (P Q)2 (Q— Ry (P2 R




